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Abstract. The thermodynamic and magnetocaloric properties of a generalized spin-
(1/2, s) Fisher’s super-exchange antiferromagnet are exactly investigated by using
the decoration-iteration mapping transformation. Besides the critical temperature,
sublattice magnetization, total magnetization, entropy and specific heat, the isothermal
entropy change and adiabatic temperature change are rigorously calculated in order to
examine cooling efficiency of the model in a vicinity of the first- and second-order phase
transitions. It is shown that an enhanced inverse magnetocaloric effect occurs around
the temperature interval Tc(B 6= 0) . T < Tc(B = 0) for any magnetic-field change
∆B : 0→ B. The most pronounced inverse magnetocaloric effect can be found nearby
the critical field, which corresponds to the zero-temperature phase transition from the
long-range ordered ground state to the paramagnetic one. The observed phenomenon
increases with the increasing value of decorating spins. Furthermore, sufficiently high
values of decorating spins have also linked to a possibility of observing reentrant phase
transitions at finite temperatures.
PACS numbers: 05.50.+q, 75.30.Et, 75.30.Sg, 75.30.Kz
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1. Introduction
The magnetocaloric effect (MCE), which is defined as the temperature change (i.e., as
the cooling or heating) of a magnetic system due to the variation of an external magnetic
field, has a long history in cooling applications at various temperature regimes [1].
Since the first successful experiment of the adiabatic demagnetization performed in
1933 [2], the MCE represents the standard technique for achieving the extremely low
temperatures [3]. In this regard, theoretical predictions and descriptions of materials
showing an enhanced MCE create real opportunities for the effective selection of the
construction for working magnetic-refrigeration devices. A great theoretical interest
in MCE has recently been focused on some frustrated structures that may achieve
huge adiabatic cooling rates in the vicinity of critical fields due to the large (often
macroscopic) degeneracy of states [4–8].
In general, the MCE is characterized by the isothermal entropy change (∆ST )
and by the adiabatic temperature change (∆Tad) upon the magnetic field variation.
Depending on sings of these magnetocaloric potentials, the MCE can be either
conventional (∆ST < 0, ∆Tad > 0) or inverse (∆ST > 0, ∆Tad < 0). In the former
case the system cools down when the magnetic field is removed adiabatically, while
in the latter case it heats up. Whether the conventional or inverse MCE is present
basically depends on the particular magnetic arrangement in the system. Namely, the
former phenomenon can be observed in regular ferromagnets or paramagnets, while the
latter one can be detected in ferrimagnetic and antiferromagnetic materials. Moreover,
the coexistence of both phenomena is also possible. In fact, the conventional and
inverse MCEs have been theoretically observed in magnetic systems with rich structure
of the ground-state phase diagram, in particular, in various one-dimensional spin
models [5, 6, 9–24], some finite structures [7, 8, 25–27] and multilayers [28]. However,
the enhanced MCE has been so far rigorously investigated only in one-dimensional
systems [5, 6, 9–24] or in some finite structures [25, 27] due to a lack of exactly solved
spin models in higher dimensions accounting for a non-zero magnetic field. Theoretical
description of this phenomenon in two- and three-dimensional magnetic systems is
usually based only on some approximative methods [28–32].
In 1960, M.E. Fisher has proposed a novel spin-1/2 super-exchange Ising
antiferromagnet on a decorated square lattice, which permits a rigorous solution of the
partition function in the presence of an external magnetic field [33, 34]. The spin-1/2
Fisher’s super-exchange model and its other variants [35–38] can thus be used for exact
theoretical study of the effect of applied field on magnetic properties of a certain class
of magnetic insulators, e.g., for investigation of the cooling or heating efficiency of the
system in a vicinity of discontinuous (first-order) and continuous (second-order) phase
transitions. In addition, these spin models may also bring a considerable insight into
deficiencies of some approximative methods. Motivated by aforementioned facts, the
purpose of this paper is to extend the rigorous theoretical examination of the MCE
to a class of two-dimensional spin models. We will consider the generalized spin-
Reentrant phenomenon and inverse magnetocaloric effect . . . 3
sk
sl
i
J
-J
Figure 1. The spin-(1/2, s) Fisher’s super-exchange model on a decorated square
lattice. The empty circles denote nodal lattice sites occupied by the Ising spins σ = 1/2,
while the full circles mark lattice positions of the decorating Ising spins of arbitrary
magnitude s.
(1/2, s) Fisher’s super-exchange model on a decorated square lattice in order to bring a
deeper insight into how the critical behavior of the model depends on the magnitude of
decorating spins. Particular attention will be paid to the examination of regions showing
an enhanced MCE.
The outline of the paper is as follows: In Sec. 2, the generalization of the Fisher’s
super-exchange model together with a brief description of its exact analytical treatment
will be carried. In Sec. 3, the most interesting results for the ground state, the finite-
temperature phase diagram as well as the magnetization, specific heat and entropy will
be discussed. Magnetocaloric properties of the model will be presented in detail in
Sec. 4. Finally, Sec. 5 will bring some conclusions and future outlooks.
2. Model and its exact solution
Let us consider a mixed spin-(1/2, s) Ising model on a decorated square lattice involving
the effect of an external magnetic field, as is schematically depicted in Fig. 1. In this
figure, the empty circles denote nodal lattice sites occupied by the Ising spins σ = 1/2,
while the full ones label decorating lattice sites occupied by the Ising spins of an arbitrary
magnitude s. Because of the two-dimensional Ising model whose all spins are placed
into the external magnetic field still represents an unsolvable problem of statistical
mechanics, we will further assume the simplified version of the model, in which the
longitudinal magnetic field B acts just on decorating spins. In addition, exchange
interactions of the same intensity but of opposite signs have to be supposed between
the nearest spin neighbors in the horizontal and vertical directions to ensure an exact
tractability of the considered spin system. For this reason, we will further assume the
ferromagnetic (antiferromagnetic) coupling −J < 0 (J > 0) on the horizontal (vertical)
bonds of the lattice. Under the above assumptions, the total Hamiltonian of the model
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reads
H = −J
N∑
〈i,k〉
σisk + J
N∑
〈i,l〉
σisl − B
N∑
k=1
sk −B
N∑
l=1
sl, (1)
where sk(l) = −s,−s + 1, . . . , s labels the decorating Ising spin at kth horizontal (lth
vertical) bond and σi = ±1/2 denotes the nodal Ising spin at ith site of the original
square lattice. The first (second) summation in the Hamiltonian (1) is carried out over
nearest-neighboring lattice sites in the horizontal (vertical) direction, while other two
terms represent Zeeman’s energies of the decorating spins. Finally, N represents the
total number of nodal sites of the original lattice, i.e., the Ising spins σ (we consider the
thermodynamic limit N →∞). It is worth emphasizing that the considered spin model
is generally slightly different from the usual antiferromagnetic Ising square lattice. In
particular, the standard antiferromagnetic model becomes ferromagnetic when the sign
of exchange integral J is changed. By contrast, the Hamiltonian (1) remains invariant
against the transformation J → −J .
The two-dimensional spin model defined in the above way is exactly solvable within
the framework of a generalized decoration-iteration mapping transformation [39–41].
More specifically, different signs of the exchange constants on the horizontal and vertical
bonds of the decorated square lattice cancel out contributions of the mapping terms that
represent effective magnetic fields acting on nodal spins of the corresponding simple
lattice (for more computational details see Fisher’s original works [33, 34] and our
previous work [38]). As a result, one obtains a simple relation between the partition
function ZF of the considered mixed spin-(1/2, s) Fisher’s super-exchange model (1) and
the partition function ZI of the spin-1/2 Ising model on a simple square lattice defined
by the Hamiltonian HI = −Jeff
∑2N
〈i,j〉 σiσj :
ZF (β, J, B, s) = A2NZI(β, Jeff). (2)
Above, β = 1/(kBT ) is the inverse temperature (kB is the Boltzmann’s constant) and
the mapping parameters A, Jeff are unambiguously determined by a ’self-consistency’
condition of the applied decoration-iteration transformation [42].
At this stage, the exact treatment of the generalized Fisher’s super-exchange model
is formally completed, because the partition function ZI of the spin-1/2 Ising model on
the square lattice is well known [43]:
lnZI = N ln 2 + N
2pi2
∫ pi
0
∫ pi
0
ln
(C2 − S cos θ − S cosφ) dθdφ. (3)
Here, C = cosh(βJeff/2) and S = sinh(βJeff/2). Actually, Eq. (2) in combination
with exact mapping theorems developed by Barry et al. [44–47] and the generalized
Callen-Suzuki spin identity [48–50] allow us to rigorously express the spontaneous
magnetization mσ of the nodal spins, as well as the magnetization mh, mv of the
decorating spins located on horizontal and vertical bonds, respectively:
mσ ≡ 〈σi〉 = 〈σi〉I ≡ mI , (4)
mh ≡ 〈sk〉 = K − 4mIL+ 4cIM, (5)
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mv ≡ 〈sl〉 = K + 4mIL+ 4cIM. (6)
Above, the symbols 〈· · ·〉 and 〈· · ·〉I denote the standard canonical ensemble average
performed over the generalized spin-(1/2, s) Fisher’s model (1) and the corresponding
spin-1/2 Ising model on a square lattice, respectively. Obviously, the aforelisted
magnetization are expressed in terms of the spontaneous magnetization mI and the
two-spin correlation function cI between nearest-neighboring spins of the spin-1/2 Ising
square lattice. Since rigorous solutions for both quantities are well known [51, 52], we
can restrict ourselves just for appointment of the coefficients K, L, M :
K = F (J) + F (−J) + 2F (0),
L = F (J)− F (−J),
M = F (J) + F (−J)− 2F (0), (7)
where the function F (x) is defined as
F (x) = −1
4
s∑
n=−s
n sinh [βn(x−B)]
s∑
n=−s
cosh [βn(x−B)]
. (8)
In view of this notation, the total magnetization m+s and the staggered magnetization
m−s of the decorating spins normalized per one nodal site of the decorated lattice can
be expressed as
m+s =
1
2
(mh +mv) = K + 4cIM, (9)
m−s =
1
2
(mh −mv) = −4mIL. (10)
The other important thermodynamic quantities, such as the Gibbs free energy G, the
entropy S and the specific heat C can easily be obtained from the relations:
G = − kBT lnZI − 2NkBT lnA, (11)
S = −
(
∂G
∂T
)
B
, C = −T
(
∂2G
∂T 2
)
B
. (12)
Finally, let us make a few comments on a critical behavior of the model. It is clear
from the mapping relation (2) that the generalized Fisher’s super-exchange model on
the decorated square lattice may exhibit a critical point only if the corresponding spin-
1/2 Ising model on the undecorated square lattice is at a critical point, as well. As a
consequence, the critical temperature of the mixed spin-(1/2, s) Fisher’s super-exchange
model can be straightforwardly obtained by comparing the effective nearest-neighbor
coupling of the corresponding spin-1/2 Ising model on the simple square lattice with its
critical value [43]:
βcJeff = 2 ln(1 +
√
2), (13)
where βc = 1/(kBTc) and Tc denotes the critical temperature of the studied spin model.
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3. Ground-state and finite-temperature properties
In this section, we present the most interesting numerical results for the ground state, the
finite-temperature phase diagram as well as thermal dependencies of the magnetization,
entropy and specific heat of the mixed spin-(1/2, s) Fisher’s super-exchange model on
the decorated square lattice.
First, let us start with a brief description of the ground-state behavior [53]. At zero
temperature, the investigated spin model passes from the long-range ordered ground
state to the paramagnetic one when the magnetic field applied on decorating spins
exceeds the critical value Bc/J = 1. The former ground state is characterized by
a perfect antiferromagnetic arrangement of the decorating spins placed on horizontal
and vertical bonds of the lattice (mh = s, mv = −s) and by the saturated spontaneous
magnetization mσ = 1/2 attributed to nodal spins. In the latter ground state,
all decorating spins are fully polarized towards the magnetic-field direction, while
nodal spins are frustrated due to the mutual competition between ferromagnetic and
antiferromagnetic exchange interactions (mh = mv = s, mσ = 0).
As expected, at finite temperatures, the long-range antiferromagnetic order of the
decorating spins completely vanishes at the critical temperature given by Eq. (13). For
better illustration, the critical temperature versus magnetic field is displayed in Fig. 2
for three different values of the decorating spins. Note that the plotted curves are
unique solutions of the critical condition (13) and therefore, they present the lines
of continuous (second-order) phase transitions between the long-range ordered and
paramagnetic phases. As one can see from Fig. 2, the critical temperature of the model
generally decreases with the increasing magnetic field until it entirely tends to zero at the
critical field Bc/J = 1 of the first-order phase transition between long-range ordered and
paramagnetic ground states. For the decorating spins s < 5/2, critical lines approach
the first-order phase transition with negative slopes, while for reverse case s ≥ 5/2, they
approach the critical field Bc/J = 1 with positive slopes. These observations clearly
0.0 0.2 0.4 0.6 0.8 1.0 1.2
0.0
0.4
0.8
1.2
1.6
2.0
1
5/2
 
 
k B
T c
 / 
J
B / J
s = 4
Figure 2. The finite-temperature phase diagram of the spin-(1/2, s) Fisher’s super-
exchange model for three different values of decorating spins.
Reentrant phenomenon and inverse magnetocaloric effect . . . 7
suggest that reentrant phase transitions appear in the magnetic-field region B/J & 1
just for sufficiently high decorating spins s ≥ 5/2. As can be expected, the observed
reentrant phenomenon becomes more pronounced, the higher the spin value s is.
To confirm above findings, the temperature dependencies of the spontaneous
magnetization mσ of the nodal spins (broken lines) and the staggered magnetization
m−s of the decorating spins are plotted in Fig. 3 for two particular spin values s = 1
and s = 4 by assuming different values of the external magnetic field applied on
these spins. For easy reference, we will further use the extended Ne´el’s classification
of m(T ) curves [54–56]. As one can see from Fig. 3, both magnetization start from
their saturated values mσ = 1/2 and m
−
s = s if the applied magnetic field is lower than
the critical value Bc/J = 1. Moreover, the spontaneous magnetization of the nodal
spins exhibits solely familiar Q-type dependencies characterized by a steep decrease of
the magnetization just in the vicinity of critical temperature (see the mσ(T ) curves
plotted for B/J = 0.6, 0.9, 0.98 in Figs. 3(a) and (b)). By contrast, temperature
dependencies of the staggered magnetization of the decorating spins may change from
conventional R-type curves to more interesting S-type curves if values of the decorating
spins are high enough and the external magnetic field takes the values B . Bc (see
the m−s (T ) curves corresponding to B/J = 0.6, 0.9 and 0.98 in Fig. 3(b)). The R-
type dependencies exhibit a relatively rapid decline of the magnetization within the
range of intermediate temperatures before a sharp drop to zero magnetization at the
critical point. The S-type dependencies show two sharp magnetization decreases; the
first one, that can be observed at low temperatures, almost completely diminishes in
the range of intermediate temperatures and the second one is located nearby the critical
temperature. The origin of all three types of the magnetization curves closely relates to
the fact that the longitudinal magnetic field B does not directly act on nodal spins, but
only on decorating spins localized at horizontal and vertical bonds of the lattice. Hence,
the spontaneous magnetization mσ varies very smoothly with temperature, while the
staggered magnetization m−s declines more rapidly as the temperature increases before
reaching the critical point. As expected, the observed temperature decrease of m−s is
more rapid, the closer to the critical field Bc/J = 1 we are. For the particular case
Bc/J = 1, the magnetization mσ and m
−
s acquire zero-temperature asymptotic values
unambiguously given by the general conditions
mσ(T = 0) =


0 for s < 5/2 ,
1
2
[
1− (2s+ 1)
2
s4
]1/8
for s ≥ 5/2 ,
(14)
m−s (T = 0) = s · mσ(T = 0), (15)
as illustrated in Fig. 3. The above analytical expressions for mσ, m
−
s indicate that
the investigated spin-(1/2, s) Fisher’s super-exchange model exhibits an interesting
macroscopic degeneracy at Bc/J = 1, which originates from the mutual interplay
between the magnetic field applied on decorating spins and the ferromagnetic as well
as antiferromagnetic exchange interactions between the nearest-neighboring spins in the
Reentrant phenomenon and inverse magnetocaloric effect . . . 8
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Figure 3. Temperature variations of the spontaneous magnetization mσ of the nodal
spins (broken lines) and the staggered magnetization m−s of the decorating spins (solid
lines) for two particular spin cases (a) s = 1 and (b) s = 4 by assuming a few fixed
values of the external magnetic field B.
horizontal and vertical directions, respectively. Finally, by considering sufficiently high
values of the decorating spins s ≥ 5/2, one can observe the reentrant behavior in thermal
variations of both the magnetization mσ, m
−
s with two consecutive critical points for
the magnetic fields B/J & 1 (see the curves plotted for B/J = 1.02 in Fig. 3(b)), which
unambiguously confirms the former analysis of the critical behavior of the studied model.
In order to complete the analysis of the magnetization, let us turn our attention
to temperature dependencies of the magnetization m+s , mh and mv that are illustrated
in Fig. 4. The following general conclusions can be deduced from the plotted m+s (T )
curves. Depending on the intensity of applied magnetic field, the total magnetization
m+s can asymptotically reach three different values as the temperature tends to zero,
namely,
m+s (T = 0) =


0 for B < Bc ,
s− 2
4
+
2s+ 1
pi(s+ 1)
K
(
s
√
2s+ 1
s+ 1
)
for B = Bc ,
s for B > Bc ,
(16)
where K(x) = ∫ pi/2
0
(
1− x2 sin2 φ)−1/2 dφ is a complete elliptic integral of the first kind.
In the low-temperature region,m+s shows a noticeable increase (decrease) with increasing
temperature if the magnetic field takes lower (higher) values than Bc/J = 1. As
expected, these temperature-induced changes of m+s are more pronounced, the closer
the magnetic field is to the critical value Bc/J = 1. The rapid variations ofm
+
s observed
in the temperature regime T < Tc(B 6= 0) are evidently associated with predominant
temperature-induced excitations of the decorating spins located at vertical bonds of the
lattice, which are clearly reflected also in an unusual steep low-temperature variation of
the corresponding magnetization mv (see the insets in Figs. 4(a) and 4(b)). Moreover,
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Figure 4. Temperature variations of the total magnetizationm+s for the same values of
decorating spins as in Fig. 3 by assuming several fixed values of the magnetic field B.
Filled circles denote weak energy-type singularities of m+s at critical temperatures.
Insets: Low-temperature variations of the magnetization mh, mv for the magnetic
field B/J = 0.98.
one or two weak energy-type singularities can also be found in m+s (T ) curves at critical
temperatures relevant to continuous phase transitions between the long-range ordered
state and the paramagnetic state in dependence on the magnitude of the decorating spins
and the intensity of the magnetic field applied on these spins. One can also see from
Fig. 4, where these singularities are denoted by full circles, that the magnetization m+s
exhibits an interesting broad local maximum above the critical temperature, at which
the studied spin system passes from the long-range ordered state to the paramagnetic
state as the temperature increases. As demonstrated by M. E. Fisher [33], the intriguing
temperature-induced increase of m+s indicates the presence of the residual short-range
ordering in the the temperature region T & Tc(B 6= 0). On the other hand, if decorating
spins are high enough to form the reentrant critical behavior in the field region Bc/J & 1,
then, a sharp drop in temperature dependencies of m+s resulting to a local minimum
can be detected in the relatively narrow temperature range between two successive
singularities (see the curve plotted in Fig. 4(b) for the magnetic field B/J = 1.02).
Now, let us look in detail at temperature variations of basic thermodynamic
quantities such as the entropy and specific heat. Figure 5 shows temperature
dependencies of the entropy normalized per one nodal site of the decorated square
lattice calculated for one representative spin value s = 4 and a few different values of
the magnetic field B (main figure) as well as for three different values of decorating spins
by assuming the critical field Bc/J = 1 (inset). As one can see, the displayed entropy
curves tend asymptotically either to zero or to the finite value S(T = 0) = NkB ln 2 ≈
0.693NkB in the zero-temperature limit T → 0 depending on whether B < Bc or
B > Bc, respectively. In accordance with the ground-state analysis, the origin of the
zero-temperature residual entropy S(T = 0) = NkB ln 2 lies solely in the spin frustration
Reentrant phenomenon and inverse magnetocaloric effect . . . 10
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Figure 5. Temperature variations of the entropy for the spin case s = 4 and several
fixed values of the magnetic field B. Inset: Low-temperature variations of the entropy
for three selected values of decorating spins by assuming the critical field Bc/J = 1.
of the nodal spins σ observed within the paramagnetic ground state. Hence, it remains
the same for any magnetic fields B > Bc regardless of the magnitude s. In contrast to
this, as far as the critical field Bc/J = 1 is considered, the entropy of the system reaches
the highly non-trivial asymptotic value Sc(T = 0) > NkB ln(2s+ 1) ≥ NkB ln 2 at zero
temperature which increases with the increasing value of decorating spins (see the inset
in Fig. 5). The origin of this value can not be explained by any simple argument. It is
possible just say that it is determined by the cooperative action of the whole lattice.
Finally, we conclude the analysis of thermodynamics with a description of typical
temperature dependencies of the specific heat that are displayed in Fig. 6. To enable
a direct comparison, we have chosen the values of the external magnetic field and
decorating spins so as to match the finite-temperature phase diagram shown in Fig. 2
and also temperature dependencies of the magnatization plotted in Figs. 3 and 4.
In this manner, depicted specific heat curves reflect a comprehensive picture of the
finite-temperature behavior of the investigated spin system. In fact, besides the one or
two logarithmic divergences at appropriate critical temperatures, marked local maxima
can be detected in low-temperature tails of the specific heat curves if the external
magnetic field takes the values from a close vicinity of the first-order phase transition
between the long-range ordered ground state and the paramagnetic ground state. A
direct comparison of the specific heat curves depicted in Fig. 6 for the magnetic fields
B/J = 0.9 and 1.02 with the corresponding magnetization mσ, m
−
s , m
+
s shown in Figs. 3
and 4 confirms that the origin of observed low-temperature maxima lies in strong thermal
excitations to a spin configuration rather close in energy to the ground state.
Reentrant phenomenon and inverse magnetocaloric effect . . . 11
0.0 0.2 0.4 0.6 0.8
0.0
0.5
1.0
1.5
2.0
2.5
3.0
B / J = 0.6
 
 
C
 / 
N
k B
kBT / J
0.9
1
(a)
s = 1
0.0 0.4 0.8 1.2 1.6
0.0
0.5
1.0
1.5
2.0
2.5
3.0
B / J = 0.9
 
 
C
 / 
N
k B
kBT / J
1.02
1
1.2
(b)
s = 4
Figure 6. Temperature variations of the specific heat for the same decorating spins
as in Figs. 3 and 4 by considering a few fixed values of the magnetic field B.
4. Magnetocaloric properties
Since the investigated spin-(1/2, s) Fisher’s super-exchange model on a decorated square
lattice (1) is exactly solvable within the generalized decoration-iteration mapping
transformation [39–41], it provides an excellent paradigmatic example of an exactly
soluble two-dimensional spin system, which allows an examination of the MCE in
a vicinity of the continuous phase transition at finite magnetic fields. Actually, the
magnetocaloric quantities, such as the isothermal entropy change ∆ST and the adiabatic
temperature change ∆Tad upon the magnetic-field variation ∆B : 0 → B can be
rigorously calculated by using the following formulas:
∆ST (T,∆B) = S(T,B 6= 0)− S(T,B = 0), (17)
∆Tad(S,∆B) = T (S,B 6= 0)− T (S,B = 0). (18)
Recall that the former relation (17) is valid if the temperature T of the model is constant,
while the latter relation (18) satisfies the adiabatic condition S = const..
Figure 7 shows temperature dependencies of the isothermal entropy change
normalized per site of the original square lattice (−∆ST /NkB) for two particular values
of decorating spins s = 1 and s = 4 by considering various magnetic-field changes
∆B : 0 → B. As one can see, the isothermal entropy change may be either positive
or negative depending on the temperature, which clearly points to both conventional
(−∆ST > 0) and inverse (−∆ST < 0) MCE for any magnetic-field change ∆B. Namely,
in the high-temperature region T ≫ Tc(B = 0), where only short-range ordering occurs,
−∆ST is always positive and slowly increases to the broad maximum with decreasing
temperature due to suppression of the spin disorder by the applied magnetic field. At
certain temperature, −∆ST starts to rapidly decrease and changes sign from positive
to negative as the temperature further decreases. Rounded negative minima in low-
temperature parts of −∆ST (T ) curves detected at the temperatures T < Tc(B = 0)
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for magnetic-field changes ∆B/J ∈ (0, 1) clearly indicate the presence of an enhanced
inverse MCE in this temperature region. To be more specific, for the decorating spins
s ≤ 1, the local minimum occurs merely in the temperature interval Tc(B 6= 0) . T <
Tc(B = 0), i.e. slightly above the second-order phase transition (see the upper panel in
Fig. 7(a)). Evidently, this minimum gradually enlarges and shifts to lower temperatures
upon the increase of the field change ∆B. In accordance with these observations,
the origin of the detected enhanced inverse MCE can be attributed to strong thermal
fluctuations of spins leading to an unusual increase of the total magnetization m+s in
this region (compare −∆ST (T ) curves plotted in upper panel in Fig. 7(a) with the
corresponding temperature variations of the magnetization m+s shown in Fig. 4(a)).
More complex scenario occurs if decorating spins take the higher values than s = 1.
Two local minima can be observed in low-temperature parts of −∆ST (T ) curves for
∆B/J ∈ (0, 1) provided sufficiently high decorating spins. Indeed, one minimum can
be detected in the temperature range Tc(B 6= 0) . T < Tc(B = 0), while the other one
creates below the second-order phase transitions at the temperatures T < Tc(B 6= 0)
with the increasing intensity of the applied magnetic field, as shown in the upper panel
in Fig. 7(b) for the representative spin case s = 4. Obviously, if the magnetic-field
change approaches ∆B/J : 0 → 1, these two local minima gradually merge into one
pronounced minimum located far below the critical temperature Tc(B 6= 0) (see the
curve corresponding to ∆B/J : 0 → 0.98 in the upper panel of Fig. 7(b)). It is
justified to suppose that the enhanced inverse MCE detected below Tc(B 6= 0) comes
from strong thermal excitations of the decorating spins placed on vertical bonds of the
lattice, which are reflected in a sharp temperature-induced increase of the corresponding
magnetizationmv and, subsequently, also the magnetizationm
+
s (compare the −∆ST (T )
curve plotted in the upper panel of Fig. 7(b) for ∆B/J : 0 → 0.98 with corresponding
temperature dependencies of the magnetization mv and m
+
s displayed in Fig. 4(b)).
As expected, this inverse MCE enlarges with the increasing spin value s due to the
increase of predominant thermal excitations of decorating spins placed on vertical bonds
of the lattice (it is not shown). Furthermore, it is quite obvious from Fig. 7 that
−∆ST (T,∆B : 0 → 1) < −∆ST (T,∆B : 0 → B 6= 1) is satisfied if the temperature
approaches the zero value. Thus, one may conclude that the most pronounced inverse
MCE can always be found for the magnetic-field change ∆B/J : 0 → 1, which exactly
coincides with the critical field Bc/J = 1 of the first-order phase transition between the
magnetically ordered and paramagnetic ground states. Finally, for B/J > 1, the inverse
MCE (minimum in −∆ST (T ) curves) is gradually reduced with the increasing ∆B due
to weakening of thermal excitations from the paramagnetic ground state towards the
long-range ordered excited state (see lower panels in Fig. 7).
To discuss the MCE, one may alternatively examine the adiabatic temperature
change ∆Tad of the system at various magnetic-field changes ∆B : 0 → B. Typical
temperature variations of this magnetocaloric potential for the considered model are
displayed in Fig. 8. Note that all curves plotted in Fig. 8 were calculated using
Eq. (18) by keeping the entropy constant. As one can see, the adiabatic temperature
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Figure 7. Temperature variations of the isothermal entropy change normalized per
one nodal lattice site (−∆ST /NkB) for the same decorating spins as in Figs. 3–6 by
considering few magnetic-field changes ∆B : 0→ B. Empty and full circles mark weak
singularities of the entropy located at critical points of continuous phase transitions at
zero and respective non-zero magnetic fields, respectively.
change ∆Tad clearly allows to distinguish the conventional MCE (∆Tad > 0) from the
inverse MCE (∆Tad < 0). In accordance to the previous discussion, the investigated
spin system generally heats up fast as possible in a close vicinity of the first-order
phase boundary between long-range ordered and paramagnetic ground states achieved
upon the adiabatic reduction of the magnetic field regardless of the magnitude of
decorating spins. Indeed, the magnitude of the negative peak in ∆Tad(T ) curves
gradually increases with the magnetic-field change ∆B (see upper panels of Fig. 8).
In addition, ∆Tad versus temperature plots end at zero value in the asymptotic limit
of zero temperature for any ∆B/J ∈ (0, 1), which can be attributed to a perfect
antiferromagnetic order of decorating spins placed on horizontal and vertical bonds
of the square lattice at zero temperature. By contrast, the adiabatic temperature
change rapidly drops to finite negative values at certain temperatures when the applied
magnetic field is equal to or higher than the critical value Bc/J = 1 (see lower panels
in Fig. 8). In this particular case, the magnetocaloric potential ∆Tad cannot be defined
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Figure 8. Temperature variations of the adiabatic temperature change (kB∆Tad/J)
for the same decorating spins and magnetic-field changes as in Fig. 7.
below aforementioned temperatures, because there is no temperature end point in the
adiabatic process if B/J ≥ 1. This intriguing behavior is evidently caused by residual
entropies found at the coexistence point Bc/J = 1 of the first-order phase transition
and within the paramagnetic ground state (see Fig. 5).
5. Summary and future outlooks
The present work deals with the thermodynamics and magnetocaloric properties of
the generalized spin-(1/2, s) Fisher’s super-exchange antiferromagnet on the decorated
square lattice. Exact results for the critical temperature, total and sublattice
magnetization, specific heat and entropy have been derived and discussed in detail for a
few representative values of decorating spins. It has been shown that the studied mixed-
spin model exhibits reentrant phase transitions with two consecutive critical points
slightly above the critical field Bc/J = 1 corresponding to the first-order phase transition
between the long-range ordered and paramagnetic ground states if decorating spins take
the sufficiently high values s ≥ 5/2. The existence of this non-trivial phenomenon
has also been confirmed by temperature variations of the spontaneous and staggered
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magnetization of the nodal and decorating spins, respectively, as well as, by remarkable
temperature dependencies of the specific heat exhibiting two logarithmic singularities.
Moreover, the MCE has been particularly examined by means of the isothermal
entropy change and the adiabatic temperature change. The investigation of both
magnetocaloric potentials has enabled us to rigorously clarify the magnetic refrigeration
efficiency of the considered spin model in a vicinity of the first-order phase transition
between the long-range ordered ground state and the paramagnetic ground state as well
as nearby the critical temperature, which completely destroys the antiferromagnetic
long-range order. The obtained results clearly indicated the fast heating of the studied
mixed-spin system during the adiabatic demagnetization process (i.e., a presence of
the enhanced inverse MCE) in these regions due to strong thermal spin fluctuations
leading to the temperature-induced increase of the total magnetization corresponding
to decorating spins. The maximal heating efficiency of the system has been observed
for the magnetic-field change ∆B/J : 0→ 1, which coincides with the first-order phase
transition between the long-range ordered and paramagnetic ground states.
Finally, it is worthwhile to mention that the presented generalization of the Fisher’s
super-exchange antiferromagnet on a decorated lattice in terms of arbitrary decorating
spins is just one of many possible. Other simple generalizations allowing rigorous
investigation of an enhanced MCE in two-dimensional spin systems are the introduction
of the second-neighbor interaction between nodal spins [35], the introduction of the
chemical potential [36], the axial zero-field splitting [38], the transverse magnetic field
as well as the rhombic zero-field splitting on decorating spins. Moreover, one may also
consider other planar lattices with the even coordination number, such as the kagome´
lattice and the triangular lattice. Our future work will continue in this direction.
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